Abstract. In this paper we study the integral representation in the space SBD of special functions with bounded deformation of some L 1 -norm lower semicontinuous functionals invariant with respect to rigid motions.
Introduction
Several phenomena in phase transition, fracture mechanics, liquid crystals, can be modelled as energy minimization problems where the natural energy has both volume and surface terms. In many cases the energy functional is obtained as a limit of approximating functionals and some of its properties can be deduced from the approximation process.
A basic step is then to obtain, starting from these properties, an integral representation of the energy. We consider here this problem for local functionals F defined on the space BD of functions with bounded deformation, which are lower semicontinuous with respect to the L 1 -topology, satisfy linear growth and coercivity conditions, as set functions are (restrictions of) Radon measures, and are invariant with respect to rigid motions. In order to identify the volume and the surface densities we follow the global method for relaxation introduced by Bouchitté, Fonseca and Mascarenhas in [7] for functionals defined on the space BV of functions with bounded variation, which is characterized by the identification of both bulk and surface densities from a local Dirichlet problem. This kind of approach has already been used in some other contexts, as, for instance, homogenization, where the homogenized density is obtained from a Dirichlet problem in the cell.
An example of functional in the class we consider is given by the relaxed functional F of the bulk energy
with respect to the L 1 -norm topology, where Ω is a bounded open subset of R N and f is a Borel function satisfying standard linear growth assumptions. The integral representation of F on BD(Ω) was studied by Barroso, Fonseca and Toader in [5] , where the global method was applied in order to derive the surface density, while the volume density was obtained by a direct proof using the explicit form of the functional F .
In this paper, the bulk density is deduced from the global method and the approximate differentiability of BD functions proved by Ambrosio, Coscia and Dal Maso in [1] , while the surface density is obtained exactly as in [5] . Note that both our result and the one in [5] are valid for functions in SBD(Ω), i.e. integrable functions u for which the Cantor part E c u of the measure Eu vanishes. An integral representation in all the space BD(Ω) would require more information on E c u, since the only property that E c u vanishes on H N −1 -σ finite Borel subsets, proved in [1] , is not sufficient. We recall in Section 2 some useful properties of BD functions.
In Section 3 we prove the integral representation theorem (Theorem 3.3) and give an example showing why we assume the invariance with respect to rigid motions. In the last section we apply Theorem 3.3 to obtain the integral representation in SBD(Ω) of some Γ-limits arising in the homogenization of multi-dimensional structures recently studied in the context of linear elasticity and perfect plasticity by Ansini and Ebobisse in [3] , following the measure-theoretic approach introduced by Ansini, Braides and Chiadò Piat in [2] .
Notation and preliminaries
Let N ≥ 1 be an integer. We denote by M N ×N the space of N × N matrices and by M N ×N sym the subspace of symmetric matrices in N centered at x with radius ρ, by Q(x, ρ) the cube of centre x and sidelength ρ, while Q ν (x, ρ) is the cube with two its faces perpendicular to the unit vector ν. When x = 0 and ρ = 1 we simply write B and Q. If µ is a Radon measure, we denote by |µ| its total variation. The space BD(Ω) of functions with bounded deformation in Ω, introduced in [11] , has been widely studied, for instance by Anzellotti-Giaquinta [4] , Kohn [10] , Suquet [12] , and Temam [13] . It is a Banach space when equipped with the norm
It is sometimes convenient to consider also the distance between two functions u, v ∈ BD(Ω) given by
The topology induced by this distance in BD(Ω) is called intermediate topology.
We denote by i → the convergence with respect to this topology. It is well known (see Temam [13] ) that the trace operator tr :
is continuous when BD(Ω) is equipped with the intermediate topology.
Whenever the open set Ω is assumed to be connected, the kernel of the operator E is the class of rigid motions denoted here by R, and composed of affine maps of the form M x + b, where M is a skew-symmetric N × N matrix and b ∈ R N . Therefore R is closed and finite-dimensional.
Fine properties of BD functions were studied, for instance, in [1] , [6] and [10] . We recall that if u ∈ BD(Ω), then the jump set J u of u is a countably (H N −1 , n − 1)-rectifiable Borel set and the following decomposition of the measure Eu holds
where [u] := u + − u − , u + and u − are the one-sided Lebesgue limits of u with respect to the measure theoretic normal ν u of J u , Eu is the density of the absolutely continuous part of Eu with respect to L N , E s u is the singular part, and E c u is the Cantor part and vanishes on the Borel sets that are σ-finite with respect to H N −1 (see [1] ).
Moreover, the following theorem on the approximate differentiability of BD functions was proved in [1] .
In particular, by (2.2) u is approximately differentiable L N almost everywhere in Ω and the function ∇u satisfies the weak L 1 estimate
where C(N, Ω) is a positive constant depending only on N and Ω. From (2.3) and (2.2) one can easily see that
Analogously to the space SBV introduced by De Giorgi and Ambrosio in [8] , the space SBD was defined in [6] . Definition 2.3. The space SBD(Ω) of special functions with bounded deformation, is the space of functions u ∈ BD(Ω) such that the measure E c u in (2.1) is zero.
Main result
Let F : BD(Ω) × O ∞ (Ω) → [0, +∞] be a functional satisfying the properties mentioned in the introduction, more precisely,
is the restriction to O ∞ (Ω) of a Radon measure; (4) F (u + R) = F (u) for every u ∈ BD(Ω) and every rigid motion R. Since the properties (2) and (3) give the absolute continuity of F (u, ·) with respect to the measure µ := L N + |E s u|, in order to obtain the integral representation of F , we need only to identify the volume and the surface densities whenever u ∈ SBD(Ω). To do this we define, as in [7] , see also [5] , for every u ∈ BD(Ω) and every
The basic idea of the global method in [7] consists in comparing the asymptotic behaviours of m(u, Q(x 0 , ε)) and F (u, Q(x 0 , ε)) with respect to µ(Q(x 0 , ε)) as ε → 0 + , and to show via a blow-up argument that, the volume and surface densities are obtained from a local Dirichlet problem (see Lemma 3.2). We shall use the following lemmas, similar to Lemmas 3.1 and 3.5 in [7] for BV-functions, proved in the case of BD-functions in [5, Lemmas 3.10, 3.12]. 
e. x 0 ∈ Ω and for all ν ∈ S N −1 .
We prove now the integral representation result. 
, and where
We use the same notation for F (u, ·) and its extension to the Borel subsets of Ω.
Proof. (i)
The volume part. Let u ∈ SBD(Ω) and choose x 0 ∈ Ω such that
ε N exists and is finite, (3.5)
Let, for every y ∈ Q, u ε (y) := u(x 0 + εy) − u(x 0 ) ε and u 0 (y) := ∇u(x 0 )y.
By (3.6) the functions u ε converge to u 0 in L 1 (Q, R N ). Moreover,
Indeed, by definition On the other hand from the continuity of the trace with respect to the intermediate topology it follows that
Then by (3.9), Lemmas 3.1 and 3.2 we obtain
(ii) The surface part. As in [5, Proposition 5.1], it can be proved that
for all x 0 ∈ Ω, λ, θ ∈ R N , ν ∈ S N −1 , and where
Using again condition (4) we obtain
hence (3.4), concluding thus the proof.
Remark 3.4. As a particular case the result in [5] is recovered, i.e. if F is the localized lower semicontinuous envelope of the functional F given by (1.1), then
for every u ∈ SBD(Ω) and every A ∈ O ∞ (Ω), where SQf is the symmetric quasiconvex envelope of f introduced by Ebobisse in [9] , and characterized by (4) is not a consequence of hypotheses (1)- (3) . In fact, without condition (4) of Theorem 3.3 we would obtain that
which, under some continuity assumption on F with respect to u, for instance, assuming that there exists a modulus of continuity ψ(t) satisfying
The following example shows that there exists a rank-one convex function φ : Therefore, the function φ :
is rank-one convex, has the linear growth (3.10), and does not depend only on the symmetric part of the matrix ξ.
Application: homogenization of periodic multi-dimensional structures
In [3] , the authors studied the asymptotic behaviour of functionals of the form
defined on a particular class of functions with bounded deformation, denoted by LD p µε (Ω), and given by the functions u ∈ L p (Ω, R N ) whose deformation tensor Eu is an absolutely continuous measure with respect to µ ε , with p-summable density dEu/dµ ε , where µ ε is defined by µ ε (B) := ε N µ(
, with µ a fixed 1-periodic Radon measure and ϕ is a Borel function 1-periodic in the first variable. Assuming the standard p-growth condition on ϕ and that the measure µ is 'p-homogenizable' (see [3, §4] ), the authors proved a homogenization theorem (Theorem 5.1). Precisely, they proved the existence of the Γ-limit F hom of the functionals F ε with respect to L p -convergence in the Sobolev space W 1,p (Ω, R N ), and with respect to L 1 -convergence in BD(Ω). They showed that the Γ-limit admits the integral representation in BD(Ω), where ϕ hom is described by an asymptotic formula. However, in the second case, the question about the integral representation of the Γ-limit without the convexity assumption on ϕ remained open. Notice that such an assumption is too strong in the vectorial calculus of variations. As shown in [3] , (see the proof of Theorem 5.1), the Γ-limit verifies the properties (1)- (3) and the invariance with respect to rigid motions follows from the fact that the approximating functionals F ε have this property. So we can apply Theorem 3.3 to obtain that 
